AXKHZH 1

Na Bpebel ue tn uéGodo Euler n AGon tou AT
y'=x/y, xe[0, 1]

y (0) =1

ue axpipBerad ynelwv xar fAua 0.2 ctox =1

AYZXH

]
Ag BpoGue apxLkd TNV avaAvt Lk AGon ue xpfion tng DSolve
y =DSolve[{y'[x] ==x/y[x], y[0] ==1}, y[x], {x, 0, 1}][[1, 1, 2]]

: For some branches of the general solution, the given boundary conditions lead to an empty solution. >

V1+x?

Me ypdonua :

Plot[y, {x, 0, 1}]

1.4

0.2 04 0.6 0.8 1.0

aue va fpolue KaL TNV apLOUNTLKA AGon ue tnv NDSolve :

z = NDSolve[{z'[x] ==x/ z[x], z[0] ==1}, z, {x, 0, 1},
WorkingPrecision -» 5, Method » {"FixedStep", Method -» "ExplicitEuler"},
StartingStepSize -» 0.2, MaxStepFraction -» 0.2][[1, 1, 2]]

Domain: {{0, 1.0000}} J

InterpolatingFunctionL /\/
Output: scalar

Tpapnka :
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Plot[Evaluate[z[x]], {x, 0, 1}]

Av tLg mapaothow pali BAérovue kaL Ttn dLaopd

oTn MTPOooéYy Lo UaG (ue UTTAE glvaL N AVAAVTLKI) JL\’Jon)
Plot[{y, Evaluate[z[x]]}, {x, 0, 1}]

141

1 n n n 1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

OL tLuéc tovgotol eivac :
N[y /. x->1, 5]

1.4142

z[1]

1.3550

Apa EXOULE OPAALQA :

e=N[y/.x->1,5]-2z[1]
0.0592
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Av to umoAoy i oovue nmpoypauuatifovrac oL idtoL tnv Euler 6a xatarfjovue oe

i6La aroteréouata anAd oe Alya udvo onueia.Me &ueon Euler to IAT Oa yiver :

Clear[z];

h=0.2; (*BAuax*)

nmax = IntegerPart[l/h]; (0 apLéudC TWV 6Lauspr’]oswv(séé a-B/h épa 5)*)

eulerl = RecurrenceTable[{z[n+1l] ==z[n] +h* (n*xh/z[n]), z[0] ==1}, z, {n, 0, nmax}];
(*umoAoyLoudg TLUAY OUUPWVO HE TO TUNO TNG UEOSSOU*)

J = Range[0, 1, 0.2];

(*Ta 2 teAevtaia yivovtaL yLa va UTOPECOUUE va SOUUE YPAPNKA TN TPOOEYYLON*)

z1l = Table[{J[[1i]], eulerl[[i]]}, {i, 6}]

{{0., 1.}, {0.2, 1.}, {0.4, 1.04}, {0.6, 1.11692}, {0.8, 1.22436}, {1., 1.35504}}

ListPlot[zl]

1.35?— °
1.30?—
1.25?—

1.20F

1.00¢- °
[ | | | | |

0.2 0.4 0.6 0.8 1.0

Zto (éLo dLaypauua n AvaAUTLKA KaL oL TLUEC IOV UmoAoy L oaue eueic otnv Euler
Show[Plot[y, {x, 0, 1}], ListPlot[zl]]

1.4]
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AXKHZH 6

OcwpoUue To MAT

y'=10y (1 -y/1000), te[0, 2]

y (0) =100

Me tnv Gueon Euler va BpoedoUv oL npoceyylioecrc ue fAuax 0.1, 0.15,
0.2 kot 0.25 KoL va ouykpLOoUY UE TNV AVAAUT LKA ATOT .

AYZH

naue apxLk& va BpooluUe TNV AvaAUT LKA AGon
y = DSolve[{y'[t] = 10y[t] * (1-y[t] /1000), y[0] == 100}, y[t], t][[1, 1, 2]]
Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution information. >

1000 el0t

9+ellt
Tpapnké eivaLn €SN :

Plot[y, {t, 0, 2}, PlotRange - All]

1000 r
800 :
600 :
400 :

200

I I I I
ok 0.5 1.0 1.5 2.0

'Onw¢ xaL otny &oknon 1 uropotlue va BpoVuUE TLG
TLuécg ue NDSolve xaL pue 6Lxd pag npoypauuatLoud tng
uebddov. Mpoypauuatifovue epeic tn ué6odo yra ta 4 SLagopetLkd BHuata

Tta 0.1
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h=0.1;(*to BAuax)

nmax = IntegerPart[Z/h] ; (*apLOuédc Srauepfioewy B-a/hx)

eulerl = RecurrenceTable[{z[n+ 1] =z[n] +h*10z[n] * (1 -z[n] /1000) , z[0] == 100},
z, {n, O, nmax}] ; (¥0 TUMOC Tng ueddSou*)

Range[0, 2, h];

Table[{J1[[i]], eulerl[[i]]}, {i, nmax +1}]

Jl
zl

{{0., 100.}, {0.1, 190.}, {0.2, 343.9}, {0.3, 569.533}, {0.4, 814.698},
{0.5, 965.663}, {0.6, 998.821}, {0.7, 999.999}, {0.8, 1000.}, {0.9, 1000.},
(1., 1000.}, {1.1, 1000.}, {1.2, 1000.}, {1.3, 1000.}, {1.4, 1000.}, {1.5, 1000.},
(1.6, 1000.}, {1.7, 1000.}, {1.8, 1000.}, {1.9, 1000.}, {2., 1000.}}

Tpapnkd kKoL o€ OxX€0N LE TNV AVAAUT LKN) AGon éxovue

Show[Plot[y, {t, 0, 2}, PlotRange -» All], ListPlot[zl]]

1000 f °_a
800 :
600 :
400 :

200

Tca 0.15

h=0.15; (*xto BAuax)

nmax = IntegerPart[2 /h] ; (*apLOudc drauepfoewv B-a/hx)

euler? = RecurrenceTable[{z[n+ 1] ==z[n] +h*10z[n] * (1 -z[n] /1000) , 2[0] == 100},
z, {n, O, nmax}];(*o TUMo¢ tng HEOBSSOUX)

Range[0, 2, h];

Table[{J2[[i]], euler2[[i]]}, {i, nmax +1}]

J2
z2

{{0., 100.}, {0.15, 235.}, {0.3, 504.662}, {0.45, 879.63}, {0.6, 1038.45},
{0.75, 978.556}, {0.9, 1010.03}, {1.05, 994.833}, {1.2, 1002.54},
{1.35, 998.719}, {1.5, 1000.64}, {1.65, 999.68}, {1.8, 1000.16}, {1.95, 999.921}}

| 5
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Show[Plot[y, {t, 0, 2}, PlotRange » All], ListPlot[z2]]

1000 = -

800

600

Tca 0.2

h=0.2; (*to BAuax)
nmax = IntegerPart[Z/h] ; (*apLOuédc Srauepfioewy B-a/hx)
euler3 = RecurrenceTable[{z[n+ 1] ==z[n] +h*10z[n] * (1 -z[n] /1000) , z[0] == 100},
z, {n, O, nmax}];(*o TUmoC Tng UeOdSou+)
J3 = Range[0, 2, h];
z3 = Table[{J3[[i]], euler3[[i]]}, {i, nmax +1}]
{{0., 100.}, {0.2, 280.}, {0.4, 683.2}, {0.6, 1116.08}, {0.8, 856.977}, {1., 1102.11},
{1.2, 877.035}, {1.4, 1092.72}, {1.6, 890.08}, {1.8, 1085.76}, {2., 899.537}}

Show[Plot[y, {t, 0, 2}, PlotRange -» All], ListPlot[z3]]

1000 :
800 :
600 :
400 :

200

Tca 0.25



h=0.25; (*xto BAuax)
nmax = IntegerPart[Z/h] ; (*apLOuédc Srauepfioewy B-a/hx)
euler4 = RecurrenceTable[{z [n+1] ==2z[n] +h*102z[n] * (1 -z[n] /1000) , z[0]

J4
z4

{{
{

z, {n, O, nmax}] ; (¥0 TUMOC Tng ueddSou*)
Range[0, 2, h];
Table[{J4[[i]], eulerd4[[i]]}, {i, nmax +1}]

0., 100.}, {0.25, 325.}, {0.5, 873.438}, {0.75, 1149.8}, {1., 719.203},
1.25, 1224.08}, {1.5, 538.355}, {1.75, 1159.68}, {2., 696.741}}

Show[Plot[y, {t, 0, 2}, PlotRange -» All], ListPlot[z4]]

1200 [ .

1000 |
800
600 |

4001

Napatnpolue AoLmdy otL 600 TO BAUA LEYAADVEL OL TPOCEYYLlOELG elvaL odoéva xatL

kefalaio 2.nb

==1oo},

XELPOTEPEC TO oMo io fTav avauevauevo awol n dueon Euler eivacr ouvermigc yta h - 0

| 7
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AXKHXH 7

No urtoAoyLotel n AGon tou MAT :

YL ouorbuoppo SrapepLoud e FAuc 0.1

LUE TLGC UEBOOOUC TNC AUECNC KL TTETMAEYUEVNC
Euler xat tn puébodo Tpareliov. Bcwphote 6TtL A< 0.
T[IoLéC OL TEQLOXEC aTOAUTNC eUOTABE LAC

NG K&Oe LeBOSOU Y LA TO A ToU eMLAEEaTE ? Na
BpoeboUv oL nmpooeyyloetLc ue x&Be LEBOSO KoL

VO UTTOAOYLOTEL TO uéyLoto tomtkd opdAua
Tng xabe uiac.

AYZH

Oewpotue ura oporduopyn drauépnon ue BAlua 0.1 aro 0 ewg 10. Apa :

tmax = 10;
h=0.1;
n = Range[0, tmax /h];

Tvwpigouvue ano tn Bewpia tLg AToe LG TOV MpofAfjuatog SoKLUAG yLa TtV &ueon Euler (oeA 47),

tn wenAeyuévn (cex 57) xar tov tpanefiov (cnus Loe LC) .Avtéc elvaLavtiotoLxaotL e§fc :

yexpl = (1+h*)t) “n;
yimp = (L-2xh)*(-n);
ytrap = ((2+)L*h)/(2—h*l))"n;

KaL n yevikf AGon tov AT givatc :
y=E*(Axh=*n);

Ac 6swpficovue WG A = -1. TédtTe umopolue aro tn Oewpia
YO UTTOAOY L COVULE TLG TEPLOXEC ANMOAUTNG EVOTAOE LAG TWV UEOSSWY . AG

BpoUue ebw TtLC tpooeyyioeLg yLta A = -1
A=-1;

H ANAAYTIKH AYZH
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, 0.904837, 0.818731, 0.740818, 0.67032, 0.606531, 0.548812, 0.496585, 0.449329,

1.
0.40657, 0.367879, 0.332871, 0.301194, 0.272532, 0.246597, 0.22313, 0.201897,
0.182684, 0.165299, 0.149569, 0.135335, 0.122456, 0.110803, 0.100259, 0.090718,
0.082085, 0.0742736, 0.0672055, 0.0608101, 0.0550232, 0.0497871, 0.0450492,
0.0407622, 0.0368832, 0.0333733, 0.0301974, 0.0273237, 0.0247235, 0.0223708,
0.0202419, 0.0183156, 0.0165727, 0.0149956, 0.0135686, 0.0122773, 0.011109,
0.0100518, 0.00909528, 0.00822975, 0.00744658, 0.00673795, 0.00609675, 0.00551656,
0.
0
0
0
0
0
0
0

00499159, 0.00451658, 0.00408677, 0.00369786, 0.00334597, 0.00302755,

.00273944, 0.00247875, 0.00224287, 0.00202943, 0.0018363, 0.00166156, 0.00150344,
.00136037, 0.00123091, 0.00111378, 0.00100779, 0.000911882, 0.000825105,
.000746586, 0.000675539, 0.000611253, 0.000553084, 0.000500451, 0.000452827,
.000409735, 0.000370744, 0.000335463, 0.000303539, 0.000274654, 0.000248517,
.000224867, 0.000203468, 0.000184106, 0.000166586, 0.000150733, 0.000136389,
.00012341, 0.000111666, 0.000101039, 0.0000914242, 0.0000827241, 0.0000748518,
.0000677287, 0.0000612835, 0.0000554516, 0.0000501747, 0.0000453999}

ME AMEXH EULER

yexpl

{1,

0.
.135085, 0.121577, 0.109419, 0.0984771, 0.0886294, 0.0797664, 0.0717898,
.0646108, 0.0581497, 0.0523348, 0.0471013, 0.0423912, 0.038152, 0.0343368,
.0309032, 0.0278128, 0.0250316, 0.0225284, 0.0202756, 0.018248, 0.0164232,
.0147809, 0.0133028, 0.0119725, 0.0107753, 0.00969774, 0.00872796, 0.00785517,
.00706965, 0.00636269, 0.00572642, 0.00515378, 0.0046384, 0.00417456, 0.0037571,
.00338139, 0.00304325, 0.00273893, 0.00246503, 0.00221853, 0.00199668,
.00179701, 0.00161731, 0.00145558, 0.00131002, 0.00117902, 0.00106112,
.000955005,
.000507529,
.000269722,
.000143341,
.0000761773, 0.0000685596, 0.0000617037, 0.0000555333, 0.00004998, 0.000044982,
.0000404838, 0.0000364354, 0.0000327919, 0.0000295127, 0.0000265614}

O O O O O O O O o o o o o

0.9, 0.81, 0.729, 0.6561, 0.59049, 0.531441, 0.478297, 0.430467, 0.38742, 0.348678,
313811, 0.28243, 0.254187, 0.228768, 0.205891, 0.185302, 0.166772, 0.150095,

000859504, 0.000773554, 0.000696199, 0.000626579, 0.000563921,
000456776, 0.000411098, 0.000369988, 0.00033299, 0.000299691,
000242749, 0.000218475, 0.000196627, 0.000176964, 0.000159268,

0.
0.
0.
0.000129007, 0.000116106, 0.000104496, 0.0000940461, 0.0000846415,

ME IEIIAETMENH EULER
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yimp

{1, 0.909091, 0.826446, 0.751315, 0.683013, 0.620921, 0.564474, 0.513158, 0.466507,
0.424098, 0.385543, 0.350494, 0.318631, 0.289664, 0.263331, 0.239392, 0.217629,
0.197845, 0.179859, 0.163508, 0.148644, 0.135131, 0.122846, 0.111678, 0.101526,
0.092296, 0.0839055, 0.0762777, 0.0693433, 0.0630394, 0.0573086, 0.0520987,
0.0473624, 0.0430568, 0.0391425, 0.0355841, 0.0323492, 0.0294083, 0.0267349,
0.0243044, 0.0220949, 0.0200863, 0.0182603, 0.0166002, 0.0150911, 0.0137192,
0.012472, 0.0113382, 0.0103074, 0.00937041, 0.00851855, 0.00774414, 0.00704013,
0.00640011, 0.00581829, 0.00528935, 0.0048085, 0.00437136, 0.00397397,
0.0036127, 0.00328427, 0.0029857, 0.00271427, 0.00246752, 0.0022432,
0.00203927, 0.00185388, 0.00168535, 0.00153214, 0.00139285, 0.00126623,
0.00115112, 0.00104647, 0.000951336, 0.000864851, 0.000786228, 0.000714753,
0.000649775,
0.000366781,
0.000207038,
0.000116868,

0.000590705, 0.000537004, 0.000488186, 0.000443805, 0.000403459,
0.000333438, 0.000303125, 0.000275568, 0.000250517, 0.000227742,
0.000188217, 0.000171106, 0.000155551, 0.00014141, 0.000128555,
0.000106243, 0 0

.000096585, 0.0000878045, 0.0000798223, 0.0000725657}

ME TPANEZIOY

ytrap
{1, 0.904762, 0.818594, 0.740633, 0.670096, 0.606278, 0.548537, 0.496295, 0.449029,
0.406264, 0.367573, 0.332566, 0.300893, 0.272236, 0.246309, 0.222851, 0.201627,
.182425, 0.165051, 0.149332, 0.13511, 0.122242, 0.1106, 0.100067, 0.0905364,
.0819139, 0.0741126, 0.0670542, 0.0606681, 0.0548902, 0.0496626, 0.0449328,
.0406535, 0.0367817, 0.0332787, 0.0301093, 0.0272418, 0.0246473, 0.0222999,
.0201761, 0.0182546, 0.0165161, 0.0149431, 0.01352, 0.0122323, 0.0110674,
.0100133, 0.00905967, 0.00819684, 0.00741619, 0.00670989, 0.00607085, 0.00549268,
.00496956, 0.00449627, 0.00406806, 0.00368062, 0.00333009, 0.00301293,
.00272599, 0.00246637, 0.00223148, 0.00201896, 0.00182668, 0.00165271,
.00149531, 0.0013529, 0.00122405, 0.00110747, 0.001002, 0.00090657, 0.00082023,
.000742113, 000671436, 0.000607489, 0.000549633, 0.000497287, 0.000449927,
.000407076, 000368307, 0.00033323, 0.000301494, 0.00027278, 0.000246801,
.00022329¢, 00020203, 0.000182789, 0.000165381, 0.00014963, 0.00013538,
.000122486¢, 000110821, 0.000100267, 0.0000907174, 0.0000820776, 0.0000742607,
.0000671883, 0.0000607894, 0.0000549999, 0.0000497618, 0.0000450226}

0.
0.
0.
0.

O O O O O O O O o o o o o

Tpapnké av ta SoGUe AUTA :



ListPlot[{y, yexpl, yimp, ytrap}, PlotMarkers » {{e, Medium}, a, n, tp}]

0.4

0.3

0.2

0.1

kefalaio 2.nb
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Me [a] elvacL oL tLuég tng &dueong , ue[n] tng nemreyuévng ,
ue [tp] tov tparefiov xatL pue [®] n TLUR TNGC AVAAUTLKAG . 'OnTwg Ao Lmdv

epLuévaue n uéBosdoc tpaneliov KAVEL KAL TNV KAAVTEPN TPOCEYYLON .

T'La VA UTTOAOY L COUUE TA CPAAUATA APKEL VA APOLPECOVUE ATTO TNV

AVAAVUT LKY) TN Tpoocé€yy Lo uag. To amdAUTOo TNG SLagopdc €ivaL To cpdrua .

THXY AMEXHY EULER

dnl = Abs[y - yexpl]
{0., 0.00483742, 0.00873075, 0.0118182, 0.01422, 0.0160407, 0.0173706, 0.0182884,
0.0188618, 0.0191492, 0.019201, 0.0190605, 0.0187647, 0.0183452, 0.017829,

.017239, 0.0165945, 0.0159117, 0.0152043, 0.0144834, 0.0137586, 0.0130374,
.0123261, 0.0116295, 0.0109515, 0.0102952, 0.00966276, 0.00905578, 0.0084753,
.00792193, 0.00739591, 0.00689716, 0.00642537, 0.00598001, 0.00556043,
.00516583, 0.00479532, 0.00444797, 0.00412277, 0.00381871, 0.0035347¢6,
.00326988, 0.00302306, 0.0027933, 0.0025796, 0.00238103, 0.00219667, 0.00202563,
.00186706, 0.00172017, 0.00158417, 0.00145835, 0.00134201, 0.00123449,
.00113519, 0.00104352, 0.000958936, 0.000880931, 0.000809024, 0.000742767,

.000681742, 0.000625558, 0.000573852, 0.000526284, 0.000482539, 0.000442323,
.000405363, 0.000371407, 0.000340221, 0.000311587, 0.000285303, 0.000261184,
.000239057, 0.000218763, 0.000200154, 0.000183096, 0.000167462, 0.000153137,
.000140013, 0.000127994, 0.000116988, 0.000106912, 0.0000976892, 0.0000892489,
.0000815262, 0.0000744614, 0.0000679995, 0.0000620901, 0.000056687, 0.0000517474,
.0000472325, 0.0000431062, 0.0000393357, 0.0000358909, 0.0000327441,

.0000298699, 0.000027245, 0.0000248481, 0.0000226597, 0.000020662, 0.0000188385}

O O O O O O O O O o o o o o

THX IIEIIAETMENHY EULER
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dn2 = Abs[y - yimp]
{0., 0.00425349, 0.00771553, 0.0104966, 0.0126934, 0.0143907, 0.0156623, 0.0165728,
0.0171784, 0.017528, 0.0176638, 0.0176228, 0.0174366, 0.0171326, 0.0167343,
.0162619, 0.0157326, 0.0151611, 0.0145599, 0.0139394, 0.0133083, 0.0126741,
.0120428, 0.0114193, 0.0108076, 0.010211, 0.00963187, 0.00907217, 0.00853329,
.00801619, 0.00752148, 0.00704948, 0.00660024, 0.0061736, 0.00576924, 0.00538672,
.00502546, 0.00468482, 0.00436409, 0.00406251, 0.00377929, 0.00351362,
.00326469, 0.00303169, 0.00281379, 0.00261022, 0.00242018, 0.00224291,
.0020777, 0.00192382, 0.0017806, 0.00164739, 0.00152356, 0.00140852, 0.0013017,
.00120258, 0.00111064, 0.0010254, 0.000946412, 0.000873252, 0.000805518,
.000742833, 0.000684842, 0.000631216, 0.000581644, 0.000535834, 0.000493517,
.000454438, 0.000418361, 0.000385066, 0.000354346, 0.000326012, 0.000299884,
.000275797, 0.000253598, 0.000233144, 0.000214301, 0.000196948, 0.00018097,
.000166261, 0.000152723, 0.000140266, 0.000128806, 0.000118264, 0.00010857,
.0000996566, 0.0000914624, 0.0000839307, 0.0000770092, 0.0000706495,
.000064807, 0.0000594404, 0.0000545117, 0.0000499858, 0.0000458305, 0.000042016,
.0000385147, 0.0000353015, 0.0000323529, 0.0000296476, 0.0000271658}

O O O O O O O O O o o o o o

TOY TPAINEZIOY

dn3 = Abs [y - ytrap]
{O., 0.0000755133, 0.000136649, 0.00018546, 0.000223738, 0.000253048, 0.000274749,

0.000290025, 0.000299903, 0.000305271, 0.000306899, 0.00030545, 0.000301496,
0.000295526, 0.000287961, 0.000279157, 0.00026942, 0.000259007, 0.000248134,
0.000236985, 0.000225709, 0.000214433, 0.000203258, 0.000192267, 0.000181527,
0.000171089, 0.000160993, 0.000151269, 0.000141937, 0.000133012, 0.000124499,
0.000116401, 0.000108717, 0.000101441, 0.0000945655, 0.0000880793,
0.0000819711, 0.0000762277, 0.0000708348, 0.000065778, 0.0000610419,
0.0000566115, 0.0000524714, 0.0000486065, 0.0000450019, 0.0000416431,
0.000038516, 0.0000356068, 0.0000329025, 0.0000303904, 0.0000280584,
0.000025895, 0.0000238892, 0.0000220306, 0.0000203094, 0.0000187162,
0.0000172423, 0.0000158794, 0.0000146198, 0.000013456, 0.0000123814,
0.0000113894, 0.000010474, 9.62975x10°5, 8.8513x10°%, 8.13378x 1075,
7.47267%x10°5, 6.86371x10°6, 6.30297x10°6, 5.7868x10°5, 5.31177 x 106,
4.87475x10°5, 4.47279%10°%, 4.10319x10°¢, 3.76342x10°6, 3.45116x 106,
3.16424x10°5, 2.90068 x 106, 2.65862x 1076, 2.43636x 1075, 2.23232x10°5,
2.04505x 1076, 1.8732x10°5, 1.71554x10°5, 1.57092x10°5, 1.43829x 1075,
1.31668x10°6, 1.20518x10°6, 1.10298x 1076, 1.00932x 1076, 9.23492x 107,
8.44859x10°7, 7.72829x10-7, 7.06856x10"7, 6.4644x10-7, 5.91121x 107,
5.40476x 1077, 4.94117x 107, 4.51686x 107, 4.12855x 1077, 3.77325x 10"}

Ta ué¢yrota cpdruata yra tig 3 ueddovcg eivar avriotorLxa
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Max[dnl]
Max[dn2]
Max[dn3]

0.019201
0.0176638

0.000306899



